Discrete Mathematics

Chapter 1, Problem 20



Use the repertoire method to solve the
general five-parameter recurrence (R):

h(1) = q;
h(2n) = 4h(n) + yon + By;
h(2n+1) = 4h(n) + y,n+ B, forn = 1.



General Guess

Solution:

* Repertoire method: examine a repertoire
of cases and use results to find CF.

* We have 5 unknown parameters:
a, YO5 BO’ Y1’ B1.
* Therefore, the general guess is:

CF: h(n) = aA(n) + BoB(n) + B,C(n) +
YoD(n) + v4E(N)



Observing Pattern
* h(1) =a; h(2n) = 4h(n) + By; h(2n+1) = 4h(n) + B4,
fory,=vy,=0,n=1

We guess: h(n)

1.A(N) = 4m — A2M+)) = 4m |1 | g

2. BoB(n) + ,C(n) = (Bpm.-- 4a + B,
Bom-2- - -Po1 Pro)a 4a + B,

Here if: 160 + 4[5, + 3

» bit b, of nis 0 =>B,=R, 16a + 43, + B,

» bitb, of nis 1 =>B,=, 160 + 4B, + B,

=>h(n) = aA(n) + B,B(n) + 160 + 4B, * B.

OINO| NP~ ]|WIN|—=|5

64a + 163, + 4B,+ 3,

B1C(n)= (aBpm-1 Bom-2
..-Bo1 Buo)s




Radix representation
* CF:h(n) =aA(n) + B,B(n) + $,C(n)
R: h(1) = a; h(2n) = 4h(n) + B,;
h(2n+1) = 4h(n) + B4, fory,=y,=0,n 21

« We apply (1.18) to start with numbers in radix d
and produce numbers in radix c:
—f(i)=aqa,for1<i<d
— f(dntj) =cf(n) + B, forO<sj<dandn =1
— f((bmb-1bm2 - B1bg)g) = (ABym-1 Bom-z- - -Bb1 Bro)e

* Inourcase:d=2,c=4.

-n=(1b,.4b,.5... byby),
— h((1 b1 bps .o D1 Dg)2) = (ABLm-1 Bom-2- - -Bo1 Pro)s

 Fact O:

aA(n) + ByB(n) + B4C(n) = (aBpm-1 Bom-2---Pb1 Pro)s



Step 1
* CF:h(n) = aA(n) + BeB(n) + B,C(n)
*+YoD(n) + y4E(n)
R: h(1) = q;
h(2n) = 4h(n) + yon + By;
h(2n+1) = 4h(n) + y,n+ B4, forn =1

* Considercase:a=1,B;=B1=VYy=VY4=0;
CF: h(n) = A(n)

R: h(1) = 1; h(2n) = 4h(n); h(2n+1) = 4h(n);
=> A1) = 1; A(2n) = 4A(n); A(2n+1) = 4A(n);
« Fact 1: A(n) =4kforn=2k+1], 0 << 2k



Step 1 — Proof by induction
« A(1) =1;
A(2n) = 4A(n);
A(2n+1) = 4A(n);
 A(n)=4kforn=2k+1,0<|<2k

e Basecase: k=0=>n=40+],0<I<1=>n=1
— h(n)=A(n)and h(1)=1=>A(1) =1
—~ A(1)=49=1 YES



Step 1 — Proof by induction
« A(1) = 1;
A(2n) = 4A(n);
A(2n+1) = 4A(n);
A(n) = 4kforn=2k+], 0 <] <2k

Assume: A(2k1+ 1) = 4k1 0 < | < 2K
* Prove: A(2k+1) =4k 0<|< 2K
 Cases: n even, n odd
» 1)n=2n, =>2k+|=2n, iff| even
=>n, =2K1+1/2
A(2n,) = A(2k+ I) = 4A(n,)
= 4A(251+ 1/2) = 4* 41 = 4k YES



Step 1 — Proof by induction
A(1) = 1;
A(2n) = 4A(n);
A(2n+1) = 4A(n);
A(n) = 4kforn=2k+], 0 <] <2k

Assume: A(2k1+ 1) = 4k1 0 < | < 2K
Prove: A(2k+ 1) =4k 0 <| < 2k
Cases: n even, n odd
2) n = 2n,+1 => 2k+ | = 2n+1 iff | odd
=>n, =251+ (I-1)/2
A(2n,+1) = A2<+ 1) = 4A(n,)
= 4A(2K1 + (I-1)/2) = 4* 4«1 = 4k YES



Step 2

CF: h(n) = aA(n) + ByB(n) + B,C(n) + y,D(n) + y,E(n)
R: h(1) =q;

h(2n) = 4h(n) + yon + By;

h(2n+1) = 4h(n) + y,n+ B,, forn =1

 (Consider the “constant” function:

h(n)=1foralln=z=1

We plug this in our recurrence (R):

1=q;

1T=4"1+yn+ By —-3=yn+
— By=-3,Y,=0;

1T=4"1+yn+p; —--3=yn+py
— B4=-3,y,=0;

Fact 2: A(n) — 3B(n) —3C(n) =1, forn =1



Step 3
CF: h(n) = aA(n) + BB(n) + B,C(n) + y,D(n) + v,E(n)
R: h(1) = q;
h(2n) = 4h(n) + yyn + By;
h(2n+1) =4h(n) + y,n+ B,, forn =1

 (Consider the “constant” function:
h(n)=nforalln =1

« We plug this in our recurrence (R):
1=q;
2n=4n+yn+PB,—-0=2n+y,n+ P,

— Bp=0, Y= -2;
2nt1 =4n+yn+pB,—1=2n+y,n+ 3,
— B=1,v,=-2;

Fact 3: A(n) + C(n) -2D(n) — 2E(n) = n, forn = 1



Step 4

CF: h(n) = aA(n) + ByB(n) + B,C(n) + y,D(n) + y,E(n)
R: h(1) =q;

h(2n) = 4h(n) + yyn + By;

h(2n+1) = 4h(n) + y,n+ B,, forn =1

e Consider the “constant” function:
h(n) =nZforalln=1

* We plug this in our recurrence (R):

1=aq;
4n2 =4n%2 +y,n+ B, — 0=yyn+ B,
— BO=O,Y0=O;
4n+4n+1=4n2+yn+ B, —4n+1=yn+ B,
— By=1,v,=4;

Fact 4: A(n) + C(n) + 4E(n) = n?, forn = 1



Final step

* Fact 0: aA(n) + BeB(n) + B,C(n) = (aBpm-1---Bp1 Brola
« Fact 1: A(n) = 4kfor n = 2k+ ,0<|<2k
« Fact 2: A(n) —3B(n) —3C(n) =1

(
- Fact 3: A(n) + C(n) — 2D(n) — 2E(n) =
(

« Fact4: A(n) + C(n) + 4E(n) = n?

« 1=>A(n)=4kforn=2k+1],0=<|< 2k

« 1&2=> B(n)=((1-4%+ 3C(n))/ 3 (5)

« 1&4=>E(n)=(n?-4k-C(n))/4 (6)

« 1&3&6=>D(n)=(4k+ C(n)—2E(n)-n)/2

=> D(n) = (4k+ C(n) — 2((n?- 4k-C(n))/4)-n)/ 2
=> D(n) = ((3*4k)/2+ 3*C(n)/2 —n2/2-n) /2 (7)

« 0&1&5

=> o 45 +B,(((1- 4x)+ 3C(n)) / 3) + B,C(n) = (ABy.1 ---Bp1 Bro)a
=> C(n) = ((ABpm-1 ---Bp1 Buo)s - a 4 -Bo(1- 44)/3 ) / (B + B4) (8)
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