


Question

Use the Repertoire method to solve the general five-
parameter recurrence:

g(1) =
g(2n+j) = 3g(n) + &€n* + yn + B;,
forj=o0,1andn=1andneN




Solution

Convert recursive formula into R:

g(1) = a
g(2n+ 0) =3g(n) + &n2+ yn + B,
g(2n+1) =3g(n) + &n2+ yn + P,

(forn eNandn=1)




Procedure

Compute few initial values for R

Observe values and guess a general format for the
required closed form

Use Repertoire method to find exact closed formula

If fails at some point, use Binary Expansion




[nitial Values for R

g(1) = «

g(2) = g(2(1) + 0) =3g(1) + E+y+ B,
=30+ &+ Y+ B,

g(3) = g(2(1) +1) =3g(1) + €+ y+ B,
=30+ &+ Y+ 3,

g(4) = g(2(2) + 0) = 3g(2) + 4&€+ 2y+ B,
= 9 + 7&+ 5Y + 4,

g(5) = g(2(2) +1) =3g(2) + 4&+ 2y + P,
= 9 + 78+ 5y + 3B+ B,




[nitial Values for R

g(6) = g(2(3) + 0) =38(3) + 9€ + 3y + B,

= 9o + 12& + 6Y + B, + 3,
g(7) = g(2(3) +1) =3g(3) + 9& + 3y+ B,

= 9o + 12&+ 6Y + 4P,
g(8) = g(2(4) + 0) =3g(4) +16&+ 4y + B,

=270 + 37& + 19y + 133,
g(9) = g(2(4) +1) =3g(4) +16&+ 4y + B,

= 270 + 37€ + 19y + 123, + [,
g(10) = g(2(5) + 0) =3g(5) + 25&+ 57 + B,

= 270 + 46& + 20y+ 100+ 3P,




Finding General Form of CE

B

o + o€ + oy + o3, + of,

30+ &E+y+ B, + 0P,

30+ &+y+ 0B, +B,

9o + 7&+ 5y+ 4B, + of3,
oo + 7&+ 57+ 3B, + B,
o +12& + 6y + B, + 3B,

ou + 12& + 6y + of3, + 4P,

270 + 37€ + 19y + 133, + 0f3,
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Finding General Form of CE

n

9

10

2700 + 37&+ 19y + 123, + B,

270 + 46€ + 20y + 1003, + 3P,

g(n)




==
Guessing the CF

g(n) = A(n)a + B(n)€ + C(n)y + D(n)B, + E(n)p,

For all n @ N and n = 1, n can be written in the form
(2k+ h), where, 2k is the highest power of 2, not
exceeding n, and (o < h < 2¥). (Here h € N). From our
table we can observe that when n = 2%+ h, then the
coefficient for o = 3.

Example, let n=10, then n = 23+ 2, and the coefficient
for o after computing g(n) is, 33= 27.




=55 > >3
Exact CF Using Repertoire Method

CASE I: g(n) = A(n)

CASE II: g(n) =1

CASE III: g(n) = n
x CASEIV:g(n) =n?
x CASE V: g(n) =n3

forallne N




=55 5 > %
CASE - alepl=in)

Let: e =y=0B,=p,=0and a =1
In this case our general formula becomes:

g (n) = A(n)1 + B(n)o + C(n)o + D(n)o + E(n)o
g (n) = A(n)

forallne N




=55 5 > %
CASE - alepl=in)

So, now the recurrence relation becomes:

A1) = o
A(2n+ j) = 3A(n)

forj=o,1andn=1and ne N

[Recall: g(2n+j) =3g(n) + &n> + yn + ]




=55 5 > %
CASE - alepl=in)

Now we want to prove that:

A(2%+ h) = 3%« for all k =0
(Hereo<h <2kand heN)

It is easy to prove by induction that:
A(2*+ h) =3kaforallk = o




_ =
CASE I: g(n) = A(n): Induction Proof

A() =1, A(2n) = 3A(n), A(2n+1) = 3A(n), A(n) = 3% forn
=2k + h where o < h < 2k

Base case: k=o=>n=1+h,h<1son=1
g(n) =A(n)and g(1) =1=>A(1) =1
A(1) =3°=1 [YES]

Assume A(2k+ h) =3¢, 0 <h < 2k
To prove: A(2k+ h) = 35 0 < h < 2kd




_ =
CASE I: g(n) = A(n): Induction Proof

Case ‘n’ even (n =2n): 2K+ h = 2n iff h is even
1 1
=> 1. =25 =

A(2n,) = A(2* + h) = 3A(n,) = 3A(2%* + h/2)
=3.3=3" [YES]

Case ‘n’ odd (n =2n, +1): 2K+ h=2n +1iffhis odd
=>n, = 2K + (h-1)/2

A(2n, +1) = A(2K+ h) =3A(n,) = 3A(2%" + (h-1)/2)
=3. 3k—1 te 3k [YES]




=55 5 > %
CASE llsoénie

We have that g(n)=1, for all n e N.
From g(1) = o, we find that g(1) = 1= a. So o =1.

g(2n+o) = 3g(n) + &n? + yn + B
1=3(1) + En2 + yn + B,
1=3+ &n>+yn + P,
1-3=&n>+yn + 3,
o=&n*+yn+ P, +2,forallneN

Hence, €=y=o0and B, =-2




CASE llsatnliz

g(2n+1) =3g(n) + &n? + yn + B,
1=3(1) + &n?2 + yn + P,
1=3+ &n>+yn + f3,
1-3=&n*+yn + f3,
o=&n*+yn+f,+2,forallneN

Hence, € =y=0and 3, = -2




CASE llsatnliz

Plugging the values of o, &, vy, B, and B, into the
general form of the CF:

g (n) = A(n)a + B(n)& + C(n)y + D(n)B, + E(n)B,
1=A(n) - 2D(n) - 2E(n), for all n e N.




CASE lleatn k1

We have that g(n) =n, for all n e N.
From g(1) = o, we find that g(1) = 1= a. So o =1.

g(2n+o0) = 3g(n) + &n + yn + B
2n =3n + &n?+ yn + B,
0=3n-2n+ &n>+yn + B,
o=&n*+n+yn+ 3,
o=¢&n*+ (y+1)n+ B, forallneN.

Hence y=-1,€=0_,=0




CASE lleatn k1

We have that g(n)=n, for all n
g(2n+1) =3g(n) + &n? + yn + B,
2n +1=3Nn+ &n?+yn + 3,
1=3n-2n+ &n*+yn + P,
1=&n*+n+yn+ f,

o=¢&n?+ (y+t1)n-1+ P, foralln e N.

Hence, y=-1,&=0, B, =1




CASE lleatn k1

Plugging the values of o, &, vy, B, and B, into the
general form of the CF:

g (n) = A(n)a + +B(n)& + C(n)y + D(n)B_ + E(n)B,
n=A(Mn)-C(n)+E(n),forallneN




CASE [Vaatn k- 2

We have that g(n) = n? , for all n.
From g(1) = o, we deduce that g(1) =12=1= . So, o = 1.

g(2n+1) = 3g(n) + &n2 + yn + B,
(2n+1)2=3n2+ &n? + yn + 3,
4N*+1+ 4n =3n%+ &n + yn + f3,
N*>+1+4n=&n*+yn + f3,
o=(&E-1)n>+ (y-4)n+p,, forallneN.

Hence €=1,y=4,B, =1




CASE [Vaatn k- 2

g(2n+0) = 3g(n) + &n2 + yn + B,
(2n+ 0)2=3n2+ &n? + yn + 3,
4n%=3n%+ &n® +yn + B,
o=(&E-1)n2+yn + B,

But for g(2n+1) we just obtained:

Contradiction! Method fails!
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Binary Expansion Technique

Let us consider the case when the input value to R
is of the form 2n+o0 = 2n. Let the binary
representation of 2n be:

(b, b b, b,),

This means 2n = 2™b_+...+ 2b,+ b,

m_l, ....,

We observe that b, = 0, because 2n is even

Dividing by 2:
b,)

n=2"b +..+b or n=(b_,b

m_l, ...., 2

ket 1]




Binary Expansion Technique

Now, let us consider the case when the input
value to R is of the form (2n+1). Let the binary
representation of (2n+1) be:

(bbb, b)

m? m-1’ °°*° 1 P

So, (2n+1) = 2™b_+ 2™7'b___+ ... + 2b+ b,

Since 2n+1 is an odd number b, =1




Binary Expansion Technique

— ~IN
2n+1=2"b_+...+ 2b + b,
2n+1=2"b_+...+ 2b +1

— »IN
2n =2Mb_+...+ 2b,
— ~»IN-1
n=2"b +.+Db,

This means thatn = (b_,...,.b)

m,..., 1 2

e bact 2]

From [1] & [2], we observe same representation for
both even/odd n. So, the CF need not have 2 cases




Binary Expansion Technique

g(2n+o) = g(2n+1) =g( (b, ,b_ ,...,b,b ). )
el B R R b,
AR bl)z + Bbo

= 3380 b L S eI s ) Bey(b,

),
b, Lot B el sl (h. hisare el b

oo b1) Nl Bbo OBSERVATION:
By, = By ifby=1

And
B hl:l = B(] If b[] =0

Similarly,
Bbl = B,if b, =1

And
Bhl = B, if b, =0



Binary Expansion Technique

g((_,b_,..,b,b). )

e 3 bz 25 BE[(bm’ bm 1’ ¥ ) ] +3Y(
bm—l’ oAk 2) + BBbl o E[(bm’ m-1’ ° ) ] an Y(bm’ m-1’
) + Bbo
= b

: 35[(bm, m - DefelE Oy (be, b,
1 ) + BBbl s E:[(bm) m-1° ° ) ] + Y(bm) m-1> °°°*’
bl) I Bbo




Binary Expansion Technique

(repeated)
=1 b

+ 36[(bm, m - Sl b oD,
ey DEE R B (PN e (b b
bl) g Bbo

o iha b b )7+
3Y(bm’ m =122 ) + 3Bb1 10 E:[(bm’ m-1’7 ° 1)2]2 e Y(bm’
m St ) i Bbo




Binary Expansion Technique

(repeated)

= 33g( (b, by - b)), ) + 32E[(b, by, oo DY)+ 32y(b,
by oDy HeeBEEEaal (bab &t e dad) 2 i ay(b, . b,

ey D)+ 3B, + E[(b_,b_ , ..., b).]> +Yy(b_,b__, ..,b) +

Bbo

Generalizing:

g ((BRgdhe= & S e

= 3%gllibel) £ El3 (bt [ Wb i) 2 R ib o b)) |}
'y " 3By
3 s T 37D,




Binary Expansion Technique

Input value “1” is represented by only one bit “b_". In this
case b_=1.

Also, the only time when b__ is o, is when the decimal
number itself is 0. Any natural number is going to have
b =1.

Since the input to R are all natural numbers, therefore, in
our computation b_ = 1.

50, g(bm) = g(l) =




Binary Expansion Technique

g (b b B )

= 3"o + Gl s e e eeal(h. .. ) ] +
Y +3™7B,,
£ Bm_ZBbm_; oo+ 3B, + 3P

= Bma +.£{23m_i[(bm ------ m 1+1) ] } + Y{ZBm l(b """ bm—i+1)2}
DZETEE

(i=1tom)




O

Example

n = 8: Binary representation: (1000),

m =3, b,=0,b=0,b,=0and b ,=b =1

CEig (bl s b

= 3"a + E{2Z3™ 1[(bm ...... Ipas Nn|2 el Oi [y Ch . )
T

2((1000),) = P + £X33 1(b ...... 5 birEE > 1(b ...... b3_i+1)

+ 233 IBb




,._'_ . ,-;_' f,_' ;‘I o S ¥

Example

g((1000),) = P + EX37(b; ......b, ;)% + YZ33(b, .....b,
+ ZBB-IBbB_i

= 3P0 + E:{33_1[(133 '"b3-1+1)2]2 + 33_2[(b3"’b3—z+1)2]2 3220
3[(b3"'b3-3+1)2]2} + Y{BB_I(bB "'b3-1+1)z 35 33_2(b3"'b3'2+1)2 s
S(hRhie" e 33'1[3b3_1+ 33_ZBb3_2+ o Bb3_3

=330+ &{32[(1),]* + 3'[(10),]* + 3°[(100),]*} + Y{32(1), +
3'(10), + 3°(100), }+ 32B, + 3'B, + 3°B,




Example

(repeated)

= 330+ &{32[(1),]> + 3'[(10),]? + 3°[(100) ]2} + y{32(1), +
3'(10), + 3°(100), }+ 32B, + 3'B, + 3°B,

=270 + &{9[1] + 3[4] + [16]} + y{9(2) + 3(2)
+1(4)}+ 9B, + 3B, + B,

=270 + 37& + 19y + 133,

p—t p— pd pd @) (@) (@) o N

N O B AW N = O

Pl i (@) (@) el i @) o &

i o P (@) i (@) P o -



o + o€ + oy + o3, + of,

30+ &E+y+ B, + 0P,

30+ &+y+ 0B, +B,

9o + 7&+ 5y+ 4B, + 0of,

9 + 7&+ 5y+ 3B, + B,

o +12& + 6y + B, + 3B,

ou + 12& + 6y + of3, + 4P,

A

270 + 37& + 19y + 138, + o3,
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