Proof of Partition Theorem

Spec(./2) and Spec(2+ /2 )
Form a Partition of N-{0} = Z+



Method : Prove General Theorem of
which our theorem is a particular
case

SPECTRUM PARTITION THEOREM

leta, >0, o,B €R-Q

Besuchthat 1/a + 1/B=1



Then the sets

an :n=1,2,3,...} =spec(a)

{
{ _Bn_ :n=1,2,3,...} = spec(B)

A
A

Form a Partition of Z+ = N - {0}

i.e. Azp, B#dp
ANB = ¢
AUB = Z+



Proof of Partition Theorem (Special Case)

a=/2, B=2+ /2

We get .

Spec(./2) and Spec(2+ /2 )
Form a Partition of N-{0} = Z+



Proof

1. The |a|€EA,|B|EB
2. AnB=¢

Proof by contradiction
Suppose that AnNB # ¢ i.e.
i.e. Thereisk € Z+ suchthatk €A, kEB

Iff there are i, j € Z+ such that
ai =k | Bj| = k ie.



k < ai <k+1
k <Bj < k+1

But a, B € R-Q,

So ai, Bj cant be integers, so < cant hold,
so we get

k < ai < k+1

k < Bj < k+1



k/a <i <(k+1) /a
k/B< j<(k+1) /B

On adding them

k/a +k/B <i +j<(k+1)/a +(k+1)/PB
k(1/aa +1/B) <i +j<(k+1) (1/a + 1/ B)

We know that 1/a +1/B=1



=> k<i+j <k+l

\

Contradiction!!!

i,j,k € Z+

No integer between k, k+1!

We proved ANB = ¢



Now we want to prove that AUB = Z+
Assume AUB % Z+

i.e. Exists k € Z+, such that k € AUB
i.e.k€@Aand k €B

This means that there exist io, jo such that
aig <k anda (io+1)|> k and same holds for



i.e.

(1a) atio <k & a (ip+1) > k+1

(2a) Bio <k & B (io+1) > k+1

(These cant be = k+1 as B,a € R-Q and k+1 € Z+)
Biol<k andp (io+1)| >k

1a when rewritten

a<k/io & a>(k+1)/ (io+1)

=>1/a>io/ k & 1/a < (io+1)/ (k+1)

Or io/ k<1/a<(io+1)/ (k+1) || ]ly for B we get
jo/f k<1/ B <(jot+1)/ (k+1)



Adding the above two equations and using 1/a +
1/ B =1 We get

(io+jo)/ k < 1 < (iot+ jo+2)/ (k+1)
=>(io+jo)/ k<1 and 1 < (io+ jo+2)/ (k+1)
= io+jo < k and k <io+ jo+1l

—> i0+j0< k < i0+j0+1 k, io,jo €EZ+

Contradiction: n< k<n+1



