
Closed Form for General Relaxed Radix Representation

Given Recursive Formula RF:

f(i) = αi, i = 1, · · · , d− 1
f(dn+ j) = cf(n) + βj , n ≥ 1, 0 ≤ j < d

Prove the following closed formula CF:

f((bm, bm−1, · · · , b1, b0)d) = (αbm , βbm−1 , · · · , βb1 , βb0)c

where βbj are defined by

βbj =

{
β0 bj = 0
β1 bj = 1

; j = 0, ...,m− 1,

Proof: First, we expand (dn+ j) on the basis of d, and derive the expansion for n.

dn+ j = dmbm + dm−1bm−1 + · · · + d1b1 + d0b0, (0 ≤ j < d)

For this expansion, we must have d0b0 = j.

dn+ j = dmbm + dm−1bm−1 + · · · + d1b1 + j, (0 ≤ j < d)

Then we have
dn = dmbm + dm−1bm−1 + · · · + d1b1

then n = dm−1bm + dm−2bm−1 + · · · + d0b1

We evaluate

f(dn+ j) = f((bm, bm−1, · · · , b0)d)
= c · f((bm, bm−1, · · · , b1)d) + βb0
= c · (c · f((bm, bm−1, · · · , b2)d) + βb1) + βb0
= c2 · f((bm, bm−1, · · · , b2)d) + c · βb1 + βb0
= c3 · f((bm, bm−1, · · · , b3)d) + c2 · βb2 + c1 · βb1 + c0 · βb0
...
= cm · f((bm)d) + cm−1 · βbm−1

+ cm−2 · βbm−2
+ · · · + c1 · βb1 + c0 · βb0

= cm · αbm + cm−1 · βbm−1
+ cm−2 · βbm−2

+ · · · + c1 · βb1 + c0 · βb0
= (αbm , βbm−1

, · · · , βb1 , βb0)c

Hence we proved
f((bm, bm−1, · · · , b1, b0)d) = (αbm , βbm−1

, · · · , βb1 , βb0)c
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