cse547 Midterm 2 SOLUTIONS Fall 2023
(60pts + Sextra)

Problem 1 (10pts)
Evaluate };_, k2¥ by Method 5, i.e. by rewriting it as the multiple sum ¥, j<k<n 2k
Explain your steps. No full credit without explanation.

Solution

e

J=1 k=]
n n j-1
Jj=1 \k=0 k=0
- (2n+1 _ 2])
Jj=1
2n+] :E: 1 - :E: 2J
Jj=1 j=1
— 2n+1 (n) _ (2n+1 _ 2)
=2""n-1)+2



Problem 2 (15pts)

2k+1

Evaluate the sum };_, %D

1. (5pts) Use Partial Fractions.

int - 2k+1
Hint : Represent D
2&ktl _ A, B
kD) = kT kel
and represent the sum };_, %

Solution

Evauate Partial Fractions

2%+l _ A B
k(k+1) — k k+1
2drl _ Akt)+BE
kk+1) — 7 k(k+1)
2k+1 _ (A+B)k+A
k(k+1) = k(k+1)

in two ways

by partial fractions; i.e. solve the equation

as sum of corresponding two sums.

Comparing both the sides A=1; A+ B =2; and A=1,B=1

2kl _ 1
kD — %

|
Sl

Evaluate the sum
yro(dy y=yr Lysn L
=1\k T k1) T Lik=1k k=1 k+1

1
ZH,,+Hn,1+m

=2H, - =

n+l

2. (10 pts) Use the Summation (integration) by parts:

. 1
Hint kD)

Solution By the Theorem 2 we get
2=t

2k+1
)

_ ol 2k+l
= ko1 k(k+l)6k
Susav=uv—-YEvAu

Letu(k) =2k + 1;

A uk) = 2;
Av(k) = gy = (k=12
vk) = (k- DL =-1
Ev=

k+1

Suav=uv—Y EvAu.

=(k—-1=2 and 3 x"6x = H,, iff m=-1



¥ 2ok = 2k + 1)(F) - Z(E5)2 ok

k(k+1)
— - 2k+1
=2% k=L ok — 2+
=2H,-2-1+C

[> x25x = Hy, if m = —1]

1 2k+1 _ 1+l
ZZL k(k-tl)ék =2H; -2- % |'|1+

=2H,+25-2--L-2+2+1

_ 1
=2H, + -~ 1
=2H, - -1

Problem 3 (10pts)

X+2

1. (5pts) Prove the formula  A(c®) = =

Hint We define A(c%) = 2 —c* for 2L =c(c—1)c—=2)---(c—x+ 1D)(c—x) and E=c(c— D(c=2)---(c—x+1)

x+1 factors

Solution

We evaluate A(c®) = & — ¢ for ¢l =c(c=1)(c—=2)---(c—x) and ¢ = c(c

x factors

—Dc=2)(c—x+1)

x+1 factors
as follows

A =(cle=1D(e=2)---(c=x+1D(c—x)—(c(c-1)(c-2)
=(clc—=1D=-2)---(c=x+1D(c—x) —(c(c-1)(c—-2)
=(lc—-D(c=2)---(c=x+1)(c—x-1)
_cle—-D(c=2)--(c—x+De—x)c—x-1)

(c—x)

cx+2

T (c-»

2. (Spts) Prove that the property —A(f(x)) = A(-f(x)) holds for any function.

Solution

We evaluate

—A(f() = =(f(x + 1) = f(x))

=—flx+ 1D+ f(X)
==fx+ 1= (=f)
= A(=f(x)

x factors

S (e—x+1)
ce—x+1)



Extra Credit Problem ( Spts)

Use 1. and 2. from Problem 3 and finite integration to prove that 7, # =(-D)+(-1D"n!

C,x+2

Hint: Substitute ¢ =-2 and X = Xx-2 in the formula 1.A(c%) =

and then apply property 2. and finite integration.

(c=x)

Solution
We substitute ¢ = -2 and x = x-2 in the formula 1. A(c%) = (Zf) and get
~ (_2)()6*2)+2
A2 = ————
(-2-(x-2)
(2
-X
e
x

By the above 2. we get that

A=(-2)%2) = —A((-2)=2)

(=2
X

(-2

- X

By the Theorem 2

b
o 8(k) = " g(x)sx for all integers b > a.
a

and get

n -2 k n+l ) k

Z(k) =Z(k)6k forn > 0.
k=1 k=1

We evaluate

n+l
) SR
Dok = (=21

1

= —(-2=2 - [(-2)]

= (2= - [-(-2)7]
= —(-2= - (-2

1
=S Y

“l=(=2)(=2=1)(=2-2)+ (=2~ (n=2))
SL=(=2)(=3)( =4 (=)

— 1 (= 1D(=2)(=3) (=)
=—1+(=1)n!



Problem 4 (10pts)

1. (5pts) Prove that E;’l":om =1
Solution We evaluate
1 I 1 1
S,=3xr — =¥ q2=yt 2= —— | ==
Ok + Dk +2) 70 k=0 k+10 n+2

We get, by definition

1
© . _|imS$,=lim-
k+ D)k+2) n—o0 n—oco n+2

2. (5pts) Use relevant Theorem and prove convergence of a proper infinite sum to prove that

lim < =0 for ¢>0.

n—co n!
Solution
Evaluate:
anyy " n! c
a, " (n+1)! n+1
and 4 B
. 1 .
lim 2= = lim =0 <1 for ¢>0.
n—oo  a, n—o n 4+ 1

By D’ Alambert Criterium ), % converges.

By Thml: If the infinite sum > @, converges, then lim, .. a, =0

.
we get that lim — =0 for ¢ > 0.
n—oo n!

Problem 5 (15pts)

Here are 7 steps of our BOOK solution

1000 1000

1 W=Z[nisawinner]=Z[L\3/ﬁJ|n]

n=1 n=1

2 W= Z [k = L%J] [kln][1 < n < 1000]
k.n

3 W=Z[k3Sn<(k+l)3][n=km][l§n§1000]

k,nm

4 W=1+Z[k3skm<(k+1)3][lsk<10]
k.m

(k+1)
5 W=1 ... —|l[1<k<10
+; me[ h [1<k<10]
6 W=1+ Z (rk2+3k+3+11—w<21)
1<k<10 k
7 W=1+ ) Gh+ay =1+ 19 17

1<k<10



Write detailed EXPLANATIONS of each of the following transformations steps
3.(4pts), 4. (7pts), and 5. (4 pts)

Solution LECTURE 11a



