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CHAPTER 2
PART 4: Languages that are not Regular



Finite Automata and Regular Languages

Short Review

Finite Automata and Regular Languages

Finite Automata CLOSURE THEOREM

Finite Automata and Regular Languages MAIN THEOREM
Regular Languages CLOSURE THEOREM



Automata Closure Theorem

In order to prove the MAIN THEOREM that establishes a
relationship between Finite Automata and Regular languages
proved and used the following

Automata CLOSURE THEOREM
The class of languages accepted by Finite Automata (FA) is
closed under the following operations

1. union
2. concatenation
3. Kleene’s Star

P

complementation

o

intersection

Observe that we used the term Finite Automata (FA) so in

the proof we can choose a DFA or a NDFA, as we have
already proved their equivalency



Automata - Languages Main Theorem

Automata - Languages MAIN THEOREM

Alanguage L is regular ifandonly if itis accepted by a
finite automaton, i.e.

Alanguage L is regular ifand onlyif thereis a

finite automaton M, such that

L =L(M)



Regular Languages Closure Theorem

Directly from the the Automata and Regular Languages Main
Theorem and Automata Closure Theorem we get the

following

Regular Languages Closure Theorem
The class of REGULAR languages
is closed under the following operations

1

o kR WD

union
concatenation
Kleene’s Star
complementation
intersection



Regular and non-Regular Languages



Languages that are Not Regular

We know that there are uncountably many and exactly C

of all languages over any alphabet > +# 0

We also know that there are only Xy, i.e. infinitely countably
many regular languages

It means that we have uncountably many and . exactly C
languages that are not regular

Reminder
Alanguage L € X" is regular if and only if there is a regular
expression r € R that represents L, i.e. such that

L= L(r)



Regular or not Regular Languages

We look now at some simple examples of languages that
might be, or not be regular

E1 Thelanguage Ly = a*b* is regular because is
defined by a regular expression
E2 The language

Lo, ={a"b": n>0}C Ly

is not regular
We will prove prove it using a very important theorem to be
proved that is called Pumping Lemma



Regular or not Regular Languages
Intuitively we can see that
Lo =1{a"b": n>0}

can’'t be regular as we can’t construct a finite automaton
accepting it

Such automaton would need to have something like a
memory to store, count and compare the number of a’s with
the number of b’s



Regular or not Regular Languages

We will define and study in Chapter 3 a new class of
automata that would accommodate the "memory” problem

They are called Push Down Automata

We will prove that they accept a larger class of languages,
called context free languages



Regular or not Regular Languages

E3 Thelanguage L3 = a" isregular because is defined
by a regular expression

E4 Thelanguage L, =1{a": n=> 0} isregular because
infact L3 = L4

E5 Thelanguage Ly ={a" : n < Prime} is not regular
We will prove it using Pumping Lemma



Regular or not Regular Languages

E6 Thelanguage Lg=1{a": ne EVEN} isregular
because in fact Ls = (aa)*
E7 The language

L; = {w e {a,b}" : w has an equal number of a’s and b’s }

is not regular

Proof

Assume that L7 is regular

We know that Ly = a*b* is regular

Hence the language L = L7y N Ly is regular, as the class of
regular languages is closed under intersection

But obviously, L = {a"b" : n € N} and was proved to

be not regular

This contradiction proves that L7 is not regular



Regular aor not Regular Languages

R. we{a, b))

E8 The language Lg = {ww
is not regular

We prove it using Pumping Lemma

E9 The language Lg = {ww : w € {a, b}"}
is not regular
We prove it using Pumping Lemma



Regular or not Regular Languages

E10 The language Lo = {wew : w € {a, b}*}
is not regular
We prove it using Pumping Lemma

E11 Thelanguage L1 ={ww: w e {a,b}*}
where w stands for w with each occurrence of a is
replaced by b, and vice versa

is not regular
We prove it using Pumping Lemma



Regular or not Regular Languages

E12 The language
Lio={xyeX": xelLandy ¢ L forany regular L C >"}

is regular
Proof Observethat Li» =L oL where L denotes
a complement of L, i.e.

L={weX*: weX*-L)

L is regular, and sois L,and L = L o L is regular by the
following, already already proved theorem
Closure Theorem The class of languages accepted by Finite
Automata FA is closed under U, N, —,0.*



Regular or not Regular Languages

E13 The language

Liz={wh: wel and L isregular }

is regular
Definition For any language L we call the language

L ={whl: wel)

the reverse language of L

The E13 says that the following holds

Fact

For any regular language L, its reverse language L7
is regular



Regular or not Regular Languages

Fact

For any regular language L, its reverse language L is
regular

Proof Let M = (K, X, A, s, F) be suchthat L =L(M)
The reverse language L7 is accepted by a finite automata

MR =(Kus', I, A, s, F={s})
where s’ ¢ K and
A ={(r.w.p): (p.w.r)eA, weX'tu{(s’.e.q): qeF)

We used the Lecture Definition of M



Proof of E13 pictures
Diagram of M

Diagram of M~

Regular and NOT Regular Languages



Regular and NOT Regular Languages
E14

Any finite language is regular
Proof

Let L € X" be afinite language, i.e.
L=0 or L ={wq,ws,

.wp} for n> 0}
We construct the finite automata M such that

LIM)=L ={wi}U{wa}U...{wp} =Ly U---ULy,
as

AA:I\ﬂW1 U"'UMWHUM(D
where




Exercises

Exercise 1
Show that the language

L= {xyxR :

is regular forany >

X,y €2}



Exercises

Exercise 1
Show that the language

L:{xyxR: X,y €2}

is regular forany >
Proof

Forany x e ¥, x" =x
> is afinite set, hence

L={xyx: x,y e ¥}

is also finite and we just proved that any finite language is
regular



Exercises

Exercise 2

Show that the class of regular languages is not closed with
respect to subset relation.

Exercise 3

Given Lq, L, regularlanguages, is Ly N Ly also a regular
language?



Exercises

Exercise 2

Show that the class of regular languages is not closed with
respect to subset relation.

Solution
Consider two languages

Li={a"b": neN} and L, =a*b*

Obviously, Ly C L, and Ly isanon-regular subset of a
regular Lo

Exercise 3

Given Lq, L, regularlanguages, is Ly N Ly also a regular
language?

Solution

YES, it is because the class of regular languages is closed
under N



Exercises

Exercise 4
Given L4, Lo, suchthat Ly N Ly is a regular language
Does it imply that both languages L, Lo must be regular?



Exercises

Exercise 4

Given L4, Lo, suchthat Ly N Ly is a regular language
Does it imply that both languages L, Lo must be regular?
Solution

NO, it doesn’t. Take the following Ly, Lo

Ly ={a@"b":ne N} and L, =1{a" : ne Prime}

The language Li{ N Ly, = 0 is a regular language none of
Ly, Ly is regular



Exercises

Exercise 5
Show that the language

L = {xny X, yeX")

is regular forany X



Exercises

Exercise 5
Show that the language

L={xyx": xyexr?

is regular forany X
Solution

Take acaseof x =ec X"
We get a language

Ly ={eyel : e,yexjclL

and ofcourse Ly =%¥" andso X" CL CY’
Hence L =%* and X* is regular
This proves that L is regular



Exercises

Exercise 6
Given a regular language L € ¥*
Show that the language

Ly={xyeX: xelL and y¢L}

is also regular



Exercises

Exercise 6
Given a regular language L € ¥*
Show that the language

Li={xyeX": xelL and y¢lL}

is also regular
Solution
Observe that L1 =L o (X" - L)

L is regular, hence (X*— L) is regular (closure under
complement), and so is Li by closure under concatenation



Pumping Lemma on Tests

Read Pumping Lemma statement and information about its
role - you need to know it for Midterm or Final

The proof of the Pumping Lemma and its applications may be
on the Final



Review Questions



Review Questions

Write SHORT answers
Q1

For any language L C X", > # () there is a deterministic
automata M, such that L = L(M)

Q2

Any regular language has a finite representation.
Q3

Any finite language is regular

Q4

Given L1, L, languages over ¥, then
((Ly n (X" = L)) U L)Ly is aregular regular language



Review Questions

SHORT answers

Q1

For any language L C %, ¥ # () there is a deterministic
automata M, such that L = L(M)

True only when L is regular

Q2

Any regular language has a finite representation.

True by definition of regular language and the fact that regular
expression is a finite string

Q3

Any finite language is regular

True as we proved it

Q4

Given Lq, L» languages over ¥, then

((Ly n (X" = L)) U L)Ly is aregular regular language
True only when both are regular languages



Review Questions for Quiz

Write SHORT answers
Q5
For any finite automata M

L(M) = JirR(1.j.n): geF)

Q6

> in any Generalized Finite Automaton includes some
regular expressions

Q7

Pumping Lemma says that we can always prove that a
language is not regular

Q8
L ={a"c":n>0} isregular



Review Questions

SHORT answers
Q5
For any finite automata M

L(M) = | iIR(1.jn): geF)
True only when M has n states and they are putin 1-1
sequence and g1 = s
Q6

> in any Generalized Finite Automaton includes some
regular expressions

True by definition



Review Questions

Q7

Pumping Lemma says that we can always prove that a
language is not regular

Not True PL serves as a tool for proving that some
languages are not regular

Q8
L =1{a"c":n=>0} isregular
Not True we proved by PL that it is not regular



PUMPING LEMMA



Pumping Lemma

Pumping Lemma is one of a general class of Theorems
called pumping theorems

They are called pumping theorems because they assert the
existence of certain points in certain strings where a substring
can be repeatedly inserted (pumping) without affecting the
acceptability of the string

We present here two versions of the Pumping Lemma

First is the Lecture Notes version from the first edition of the
Book and the second is the Book version (page 88) from the
new edition

The Book version is a slight generalization of the Lecture
version



Pumping Lemma 1

Pumping Lemma 1
Let L be aninfinite regular language over ¥ # 0
Then there are strings x, y,z € ¥* such that

y+#e and xy"zel forall n>0

Observe that the Pumping Lemma 1 says that in an infinite
regular language L, there is aword w e L that can be
re-written as w = xyz in such a way that y # e and we
"pump” the part y any number of times and still have that
such obtained word is still in L, i.e. that xy"z e L forall n>0

Hence the name Pumping Lemma



Role of Pumping Lemma

We use the Pumping Lemma as a tool to carry proofs that
some languages are not regular

Proof METHOD

Given an infinite language L we want to PROVE it to be NOT
REGULAR

We proceed as follows
1. We assume that L is REGULAR

2.Hence by Pumping Lemma we get that there is a word
w € L that can be re-written as w = xyz, y # e, and
xy"ze L foral n>0

3. We examine the fact xy"z € L forall n>0

4. If we get a CONTRADICTION we have proved that the
language L is not regular



Proof of Pumping Lemma 1

Pumping Lemma 1
Let L be aninfinite regular language over ¥ # ()
Then there are strings x, y,z € ¥* such that

y#e and xy"zel forall n>0

Proof
Since L isregular, L is accepted by a deterministic finite
automaton
M= (K, %, s, F)
Suppose that M has n states, i.e. |[K| =nfor n> 1

Since L is infinite, M accepts some string w € L of length
n or greater, i.e.

thereis we L suchthat Iw| =k >n and

W= 0102...0% for o>, 1=1,2,...,k



Proof of Pumping Lemma 1

Consider a computation of w = oy02...0% € L:

(qo,0'1a'2...0'k) Fm (Q1,0'2---0'k), Fm
...... Fm (qk_1,0'k), Fm (CIk, e)

where qp is the initial state s of M and q is a final state of M
Since Iw| =k > n and M has only n states, by Pigeon Hole
Principle we have that

there exist i and |, 0 <i<j<k, suchthat g; = g;

Thatis, the string o1 ...0; isnonempty since i+ 1<

and drives M from state g; back to state gq;

But then this string o1 ... 0 could be removed from w, or

we could insert any number of its repetitions just after just
after o; and M would still accept such string



Proof of Pumping Lemma 1

We just showed by Pigeon Hole Principle we have that M
that accepts w = oy02...0, € L also accepts the string

0102...0(0i41...0))"0j41...0x foreach n>0

Observe that o1 ... 07 is non-empty string since i +1 <
That means that there exist strings

X=0102...04, Y=0i{1...0, Z=0j41...0¢ for y e
such that

y#+e and xy"zel forall n>0



Proof of Pumping Lemma 1
The computation of M that accepts xy”z is as follows

(90, xy"2) km* (Gi Y 2 Yem™ (Giny™ ' 2)

%

VRO S YA (/8 URLP- IVl (o =)
This ends the proof

Observe that the proof of the holds for any word w € L with
lw| > n, where n is the number of states of deterministic M
that accepts L

We get hence another version of the Pumping Lemma 1



Pumping Lemma 2

Pumping Lemma 2
Let L be aninfinite regular language over % # ()

Then there is an integer n > 1 such that for any word
w € L with lengths greater then n,i.e. |w|>n there are
X,y,z € X" such that w can be re-written as w = xyz and

y#e and xy'zel forall naturalnumbers i> 0

Proof

Since L is regular, it is accepted by a deterministic finite
automaton M thathas n> 1 states

This is our integer n > 1
Letw be any word in L such that |w| > n
Such words exist as L in infinite

The rest of the proof exactly the same as in case of Pumping
Lemma 1



Pumping Lemma

We write the Pumping Lemma 2 symbolically using
quantifiers symbols as follows

Pumping Lemma 2

Let L be an infinite regular language over ¥ # ()
Then the following holds

3nz1\7lweL(|W| >2n =

3x,y,zeZ* (W =Xyz Ny+en V/Z()(Xin € L)))



Book Pumping Lemma

Book Pumping Lemma is a STRONGER version of the
Pumping Lemma 2

It applies to any any regular language, not to an infinite
regular language, as the Pumping Lemmas 1, 2



Book Pumping Lemma

Book Pumping Lemma
Let L bearegular language over X~ # ()

Then there is an integer n > 1 such thatany word w e L
with |w| > n can be re-written as w = xyz such that

y#e, [xyl<n, x,y,ze¥X and xy'zel forall i>0

Proof The proof goes exactly as in the case of Pumping
Lemmas 1, 2

Notice that from the proof of Pumping Lemma 1
X=0102...04, Z=0j41 ... 0k} for 0<i<j<n

and so by definition |xy| < nfor n being the number of
states of the deterministic M that accepts L



Book Pumping Lemma

We write the Pumping Lemma 2 symbolically using
quantifiers symbols as follows

Book Pumping Lemma
Let L be aregular language over % # ()
Then the following holds

EIn21vweL ( |W| =2n =

Ay (W=xyz 0 y#e N |xy|<n NVs(xy'zel)))

A natural question arises:

WHY the Book Pumping Lemma applies when L isa
regular finite language?

When L is a regular finite language the Lecture Lemmas
do not apply



Book Pumping Lemma

Let’s look at an example of a finite, and hence a regular
language
L ={a,b,ab, bb}

Observe that the condition
In=1VweL (Wl =20 =

Teyzess(W=xyz N y#e N Ixyl<n NViso(xy'zeL)))

of the Book Pumping Lemma holds because there exists
n = 3 such that the conditions becomes as follows



Book Pumping Lemma
Take n = 3, or any n > 3 we get statement:

An=3Ywer (W23 =
EIx,y,zeZ""(W =XyznNny+en |Xy| <nn vizO(Xin € L)) )

Observe that the above is a TRUE statement because the
statement |w| >3 is FALSE forall we L = {a, b, ab, bb}

By definition, the implication FALSE = ANYTHING is
always TRUE, hence the whole statement is TRUE



Book Pumping Lemma

The same reasoning applies for any finite (and hence
regular) language

In general, let L be any finite language

Let m=max{lw|: welL}

Such m exists because L is finite

Take n=m+ 1 as the n in the condition of the Book
Pumping Lemma

The Lemma condition is TRUE for all w € L, because the
statement

lw|>m+1 isFALSE forall we L

By definition, the implication FALSE= ANYTING is always
TRUE, hence the whole statement is TRUE



Pumping Lemma Applications

Use Pumping Lemma to prove the following
Fact 1
The language L C {a, b} defined as follows

L={a"b": n>0}

IS NOT regular

Obviously, L i infinite and we use the Lecture version
Pumping Lemma 1

Let L be aninfinite regular language over % # ()
Then there are strings x, y,z € * such that

y+e and xy"zel forall n>0



Pumping Lemma Applications

Reminder: we proceed as follows

1. We assume that L is REGULAR

2. Hence by Pumping Lemma we get that there is a word
w € L that can be re-written as w = xyz for y # e and
xy"ze L foral n>0

3. We examine the fact xy"z e L forall n>0

4. If we get a CONTRADICTION we have proved that L is
NOT REGULAR



Pumping Lemma Applications

Assume that

L={@"b™: mz>0}
IS REGULAR
L is infinite hence Pumping Lemma 1 applies, so there is a
word w e L that can be re-written asw = xyzfory # e
and xy"ze L forall n>0
There are three possibilities for y # e
We will show that in each case we prove that xy"z € L is
impossible (contradiction)



Pumping Lemma Applications

Consider w = xyz e L,i.e. xyz = a™b™ for some m >0
We have to consider the following cases

Case 1

y consists entirely of a’s

Case 2

y consists entirely of b’'s

Case 3

y contains both some a’s followed by some b’s

We will show that in each case assumption that xy"z € L for
all nleads to CONTRADICTION



Pumping Lemma Applications

Consider w = xyz e L,i.e. xyz=amb™ for some m >0
Case 1: y consists entirely of a’s

So x must consists entirely of a’s only and z must consists
of some a’s followed by some b’s

Remember that only we must have that y # e

We have the following situation

x=aP for p=>0 asxcanbeempty

y=a9 for g>0 asy mustbenonempty

z=a'b® for r>0, s>0 aswe musthave someb’s



Pumping Lemma Applications
The condition  xy"z € L for all n > 0 becomes as follows
aP(a?)"a'b® = aPt"It"ps e L
for all p, g, n, r, s such that the following conditions hold
Ci: p>0, g>0, n>0, r>=0, s>0
By definition of L
aPthit’ps e L iff [p+ng+r=s

Takecase: p=0, r=0, g>0, n=0
Weget s=0 CONTRADICTION withC1: s>0



Pumping Lemma Applications

Consider xyz = a™b™ for some m > 0
Case 2: vy consists of b’s only

So x must consists of some a’s followed by some b’s and z
must have only b’s, possibly none

We have the following situation

x=aPb" for p>0 asy hasatleastoneb and r>0
y=b9 for g>0 asy mustbe nonempty

z=b% for s>0



Pumping Lemma Applications
The condition  xy"z € L for all n > 0 becomes as follows
aPb’(b9)"b® = aPb™ "M € L
for all p, g, n, r, s such that the following conditions hold
C2: p>0,r>0 g>0, n>0, s>0
By definition of L
aPb™ "t e | iff [p=r+qgn+s

Takecase: r=0, n=0, g>0
Weget p=0 CONTRADICTION withC2: p>0



Pumping Lemma Applications

Consider xyz = a™b™ for some m > 0

Case 3: y contains both a’s and a’s

So y=aPb" for p>0 and r>0

Case y = b"aP is impossible

Takecase: y=ab, x=e, z=e andn=2

By Pumping Lemma we get that y° € L

Butthisisa CONTRADICTION with y? = abab ¢ L
We covered all cases and it ends the proof



Pumping Lemma Applications

Use Pumping Lemma to prove the following
Fact 2
The language L C {a}* defined as follows

L ={a": ne Prime}

IS NOT regular
Obviously, L i infinite and we use the Lecture version
Proof

Assume that L is regular, hence as L is infinite, so there is a
word w € L that can be re-written as w = xyzfory # e
and xy"ze Lforall n>0

Consider w = xyz € L,i.e. xyz = a™ for some m > 0 and
m € Prime



Pumping Lemma Applications

x=af, y=a% z=a" for p>0, g>0, r>0
The condition  xy"z € L for all n > 0 becomes as follows
aP(a?)"a" = aPtmItr e L
It means that for all n, p, q, r the following condition hold
C n=0, p=0, g>0, r>0, and p+ng+re Prime

But this is IMPOSSIBLE



Pumping Lemma Applications
Take n=p+2q+r+2 and evaluate:
p+ng+r=p+(p+29+r+2)qg+r=

p(1+q)+2q(g+1)+r(@+1)=(g+1)(p+29+7)
By the above and the condition C we get that
p+ng+rePrime and p+nqg+r=(q+1)(p+29+r)

and both factors are natural numbers greater than 1 what is a
CONTRADICTION

This ends the proof



