CSE303 Q3 PRACTICE SOLUTIONS Spring 2011

YES/NO questions Circle the correct answer. Write SHORT justification.

10.

11.

12.

For any finite language L there is a deterministic automata M, such
that L = L(M).
Justify: Any finite language is regular

Any regular language is finite.

Justify: L = a* is infinite

Any finite language is regular.

Justify: L = |U{L, : w € L}, each L,, is regular and regular lan-
guages are closed under finite union.

Given Ly, Ly regular languages over X, then (L; U (X* — Ly))Ls is
regular.
Justify: closure of regular languages over union and complement

For any M, L(M) = U{R(1,j,n) : ¢; € F}, where R(1,j,n) is the
set of all strings in * that may drive M from state initial state to
state g; without passing through any intermediate state numbered
n + 1 or greater, where n is the number of states of M.

Justify: only when M is a finite automaton

The Generalized Finite Automaton accepts regular expressions.
Justify: accepts regular expressions

There is an algorithm that for any finite automata M computes a
regular expression r, such that L(M) = r (short hand notation).
Justify: defined in the proof of Main Theorem

Pumping Lemma says that we can always prove that a language is
regular.
Justify: it gives certain characterization of infinite regular languages

Pumping Lemma proves that a language is not regular.

Justify: PL is usually used to prove that an infinite language is not
regular

L = {a" : n > 0} is not regular.

Justify: L =a*

L ={b"a"™ : n > 0} is not regular.

Justify:proved using Pumping Lemma

L = {a* :n >0} is regular.

Justify: L = (aa)*



13. Let L be a regular language, and L; C L, then L; is regular.
Justify: Ly = {d"a™ : n > 0} C L = b*a* and L is regular, and L;
is not regular

14. Let L be a regular language. The language LT = {wf : w € L} is
regular.
Justify: L is accepted by a finite automata M = (KUs', %, A’, s/, F =
{s}), where K is the set of states of M accepting L, s’ ¢ K, s the
initial state of M, F' is the set of final states of M and

A" ={(r,o,p): (p,o,r) € A} U{(5',e,q) : q € F},

where A is the set of transitions of M. y

QUESTION 1 Give a direct construction for the closure under intersection
of the languages accepted by finite automata. Which of the two construc-
tions, the one given in the textbook or one suggested in this problem, is
more efficient when the two languages are given in terms of nondetermin-
istic automata?

Solution

Case 1: deterministic Let
My = (K1,%,81,51,F1), My = (K3,%,09,s2,F>)
be two deterministic automata. We construct

M = (K’ 2757 S7F)7

such that
L(M) = L(My) N L(Ma)
as follows.
K:Kl X KQ, s = (81,82), F:F1 X FQ,
5(((117612)70) = (51(%,0);52((]270)) = (p17p2)~
Obviously
s, M
w € L(M) iff ((s1,s2),w) = ((f1,f2),e)) and f1 € [y, fo € Fp iff
*, M *, M

(si,w) F (fi,e)) for fi € Fy and (so,w) F (fa,€)) for fo € Fy iff
w € L(M;y) and w € L(My) iff we L(M;y)N L(Mz). We denote

M = M; N Ms.



Case 2: nondeterministic Let
My = (K1,%,Aq1,81, F1), My= (K%, Ay, s9,F»)
be two nondeterministic automata. We construct
M= (K,%4s,F),

such that
L(M) = L(My)N L(Ms),

and denoted by M = M; N M, as follows.
K:Kl X KQ, s = (81,82), F:Fl X FQ,

A= {((Q17q2)507 (plva)) : (Q1707p1) S A1 and (qQaUaPQ) S AQ and o €

or (qi,e,p1) € Ay and q2 = p2, i.e. (q2,0,q2) € Ay

or (ga,e,p2) € Ay and q1 = pri.e. (q1,0,q1) € Ay}

This is called a DIRECT construction of M = My N M,, as opposed to
the in the proof of the theorem of closure of regular languages under set
intersection.

Observe that if M;, My have each at most n states, our direct construc-
tion of produces M = M; N M, with at most n? states. The cg{lstruction
from the proof of the theorem might generate M with up to 22" ! states.

QUESTION 2 Using the construction in the proof of theorem
A language is regular iff it is accepted by a finite automata

construct a a finite automata M accepting

L=L=a"(abUbaUd*)b*
You can just draw a diagrams.
1. Define M1, M2, M3 such that L(M1) = ab, L(M2) = ba, L(M3) = 0*
Solution

M1 components:

Ky ={q,q2},s = q1, F1 = {q2}, A1 = {(q1,ab,q2)}



M2 components:

K ={q3,q4},5 = q3, F> = {qu}, A2 = {(g3,ba, q4)}
M3 components:

K3 ={q5,96},5 = a5, F3 = {6}, A3 = {(g5, ¢, ¢6) }
2. Define M4 such that L(M4) = L(M1) U L(M2) U L(M3)

Solution

M4 components:

Ky =K UKy UK3U{qr}, s =q7, F7 = F1 UF, U Fy,

A3 - A1 U AQ U A3 U {(Q77 €, CI1)7 (q7a €, Q3)> (CI77 €, %)}
3. Define M5, M6 such that L(M5) = a*, L(M6) = b*.
Solution

M5 components:

Ks ={qgs},s = qs, Fs = {as}, As = {(gs,0,08)}
M6 components:

Ko ={qo},5s = q.F6 = {qo}, D¢ = {(9,0,90)}

4. Use M; — Mg to define M such that L = L(M).
Solution

M components:

K=K4UK;UKs={q1,....q0},5 = g3, F = {qo},

A= U A U{ gs, €, q7) <QQ7eaq9)7(q4ae7qg)a(Q67e,q9)}

QUESTION 3 For the automaton M

M= ({Q17q27q3}7 {avb}v s = {1,

A= {(q17 b7 q2)7 (q17a7 Q3)7 (QQa a7Q1)7 (QQa b7 ql)? (q?n a, ql)a (q37 ba ql)}7 F= {ql})



1. Evaluate 4 steps, in which you must include at least one R(i,7,0), in the
construction of regular expression that defines L(M) that uses the formu-
las:

L(M) = U{R(la.]?n) TS F}

R(i,j, k) = R(i, 5,k — 1) UR(®i, k, k — 1)R(k, k,k — 1)*R(k,j,k — 1)

where n is the number of states of M, k= 1,...n and
R(i,4,0) is either {a € XU {e}: (¢i,a,q;) € A} ifi#j, oris
{e}U{a e ZU{e}: (gi,a,q;) € A} ifi=j.

Solution

Step 1 L(M) = R(1,1,3).
Step 2 R(1,1,3)

R(1,1,2) UR(1,3,2)R(3,3,2)*R(3,1,2).

R(1,1,1) UR(1,2,1)R(2,2,1)*R(2,1,1).

(

(
Step 3 R(1,1,2)
Step 4 R(1,1,1)

R(1,1,0) ={e}ud ={e}, R(1,1,1) = {e} U{eH e} {e} = {e}.

R(1,1,0) U R(1,1,0)R(1,1,0)*R(1,1,0) and

2. Evaluate r, such that

L(r)=L(M)
using the Generalized Automata Construction, as described in example
2.3.2 page 80.
Solution

Step 1: We extend M to a generalized GM, such that L(M) = L(G(M) as
follows:

GM = ({q1,92,43,01, 95}, {a,b}, s =qu,

A= {(qh b7 CZ2)7 (q17a7 (Z3)7 (q27 a7(I1), (q23 b7 ql)u (q37 a, Q1)7 (q37 b7 ql)a (Q47 67611)a (q17 37(15)}, F= {QS})

Step 2: Construct GM1 ~ GM ~ M by elimination of gs.

GM1 = ({q1,93, 94,05}, {a,b}, s =qu,

A = {(q1,a,43), (q1, (bbUba), q1), (g3, @, q1), (g3, b, q1), (qa, €, q1), (g1, €,05) }, F = {g5})



Step 3: Construct GM2 ~ GM1 ~ GM ~ M by elimination of g3.

GM?2 = ({q17q4aq5}7 {a7b}7 S = (4,

A = {(q1, (bbUba),q1), (q1, (aaUab),q1), (qs,¢,q1), (q1,€,95)}, F = {gs5})

Step 4: Construct GM3 ~ GM2 ~ GM1 ~ GM ~ M by elimination of ¢;.

GM3 = ({g1,95}, {a,b}, s =qu,
A = {(qq, (Wb UbaUaaUab)*,q5))}, F ={qs})

Answer

L(M)=L(MG4) = (bbUbaUaa U ab)* = ((aUb)(aUb))*.

QUESTION 4 Show that the language
L = {w € {a,b} : w has an equal number of a’'s and b's}
is not regular.

Solution Assume that L is regular. We know that L; = a*b* is regular as it
is defined by a regular expression. Hence the language Lo = L N Ly is
regular, as the class of regular languages is closed under intersection. But
obviously, Ly = {a™b™ : n € N} which was proved to be NOT regular.
This contradiction proves that L is regular.

QUESTION 5 Show that the language
L= {zyz™: 2,y e}
is regular for any .

Solution For any z € X, 2% = x. ¥ is finite set, hence L = {zyx : z,y € ¥}
is also finite. Any finite set i regular.



