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The proof of the sufficiency is by induction on p. Clearly the result holds
for sequences of two parts. Assume that it holds for sequences of p
parts, and let d, d,, - - -, d,, , be a sequence satisfying the hypotheses of the
theorem.

Let m and n be the smallest and largest integers such that
dm+l= =dd1+1 G d"'
Form a new sequence of p terms by letting

{di“—-l for i=1tom—landn -1 —-(d, —mton — 1,
. =

- S otherwise.

If the hypotheses of the theorem hold for the new sequence e, -~ -, e,
then by the induction hypothesis, there will be a graph with the numbers e,
as degrees. A graph having the given degree sequence d; will be formed by
adding a new point of degree d, adjacent to points of degrees corresponding
L) to those terms e; which were obtained by subtracting 1 from terms d,, , as
A $3umc . above.
¢ 1he Curst Clearly p > ¢, > e, =2 -+ > ¢,. Suppose that condition (6.1) does not
' hold and let h be the least value of r for which 1t does not. Then
COHJ “'JOJ ﬁ‘-'

. p
fa:l Y e >hh— 1)+ Y min {he! (6.2)
hiiadt i=1 i=h+1
But the following inequalities do hold:
h+1 p+1
ors lwa af'lr‘ Zd <hh+ 1)+ > min{h+ 1,4}, (6.3)
ot sfigs i=n2
'atcﬁrt h | Ze <(h—-=1¥h—-2) + Zmln th — 1, e}, (6.4)
§ ‘!"‘S‘fﬂ’-s 12 r
Ye <(h—2h—-3)+ :; lmin th — 2 ¢,}. (6.5)
i=1 i=h-
Let s denote the num

of values of i < h for which e, =d.,, — 1.

Then (6.3)-(6.5) when combined with (6.2) yie e
p
[}; 2+ C,3 dy + s<2h+ ) (min{h+ 1,d;,,} — min (h ¢}) (6.6)
o i=h+1 )
0,54

B
6.2+ b - 1) —min{h-Le)+ 3 (minlhe) - minlh - 1. e} g
i=h+1 (6.7) - " ;nf(b;’

ey—.) — min (h — 2, e}

€. 2+4{S e_,+e>4h—6 — min {h —

2,
P
+ Y (min {h e;} — min {h — 2, ¢;}). (6.8)

i=h+1
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Note that ¢, > h since otherwise inequality (6.7) gives a contradiction.
Let a. b, and ¢ denote the number of values of i > h for which 2, > h,.e; = k.
and ¢; < h, respectively. Furthermore, let «’. b, and ¢ denote the numbers
f these for whiche; = d.,, — 1. Then
0 t P+ | Qy thpf‘{.ud

diy =s+ada +b + ¢ (6.9)
The inequalities (6.6)—(6.8) now become

dy +s<2h+a+ b + ¢, (6.10)
e, > h + a + b, (6.11)

P
¢h-1 + € =22h— 1+ ) (min [h ¢;)] — min h = 2, e1). (6.12)

i=h+1
There are now several cases to consider. Y
CASE 1. ¢ = 0. Sinced, > e,, we have from (6.11). ov Cqu
h+a+b<d,. ver, ‘7 ""1"'
But a combination of (6.9) and (6.10) gives -H;’ (”C ‘”’l’n
2d, < 2h + a + a + 2b. .

which is a contradiction.

.
CASE2. ¢ > 0and d,,, > h. This means that di,, = ¢; + | whenever ﬁ’wq’} "‘ll’
di+y > h. Therefore sinced,,, > h.s = hand a = a". But the Inequalities .’
(6.10) and (6.9) imply that ° 4

diy +h<2h+ad+b+c =d, +h ‘.y?'QJ:C’IiJ

a contradiction.

CASE3. ¢ > 1andd,,, = h. Under these circumstances. ¢, = hand a =
=0, so d;, = s + ¢’. Furthermore. since ey =dy,,, ¢, = h — 1 for at
least ¢’ values of i > h. Hence inequality (6.12) implies

E,,_l E"_ h = 1 + C' > h
so thate,_, = d, — 1. Therefores = h — 1. and
dl — h m— 1 + Cr S E,,_l = dh!

a contradiction.

CASE4. ¢ =1 and dh+l=h' Again‘ ghzh‘a=h=0.. and d1=.8‘+f". J >g
Sinces < h — 1,d, = h. But this implies s = 0Oand d, = I, soalld, = 1. ‘)-H
Thus (6.1) is obviously satisfied, which is a contradiction. - -

Since e, > h and d,,, > e,, we see that d,., cannot be less than .
Thus all possible cases have been considered and the proof 1s complete.
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